Orbital angular momentum entanglement is one of the most intriguing topics in quantum physics.
I. INTRODUCTION
A light beam with rotational symmetry carries a well defined orbital angular momentum(OAM), characterized by the winding number l which ranges from −∞ to ∞ [1] . In the process of spontaneous parametric down conversion(SPDC) in which a high-energy photon is converted into two photons with lower energy, the conservation law is not only fulfilled by energy and momentum, but also fulfilled by angular momentum(AM) [2] . If there is no AM exchange between the nonlinear crystal and the incident photons, OAM conservation is fulfilled in SPDC, which gives rise to the generation of OAM entanglement [3] .
Since the first time it was discovered in experiment [4] , OAM entanglement has served as a promising candidate to accomplish a series of quantum tasks beyond two-dimensional Hilbert-space entanglement [5] , for example, dense coding [6] , high-dimensional teleportation protocol [7] , bit commitment [8] , quantum cryptography [9] and demonstration of highdimensional entanglement [10] [11] [12] . Meanwhile, OAM entanglement has been successfully employed to explore some quantum features in experiments like violation of Bell's inequality for high-dimensional entanglement [11, 13, 14] , quantum ghost imaging [15] and EPR correlation between OAM and angular position [16] . However, the experimentally generated OAM entanglement is far from being used directly in that the entanglement spectrum always has a finite bandwidth and the weight distribution for each mode is not uniform. Actual applications of OAM entanglement rely on the technique of entanglement concentration [11, 13, 17] , in which both complex experimental procedures and good entanglement quality are required.
Up to now, we still lack a thorough understanding of OAM entanglement, and how to manipulate OAM entanglement remains an open question.
Almost all of the previous research works on OAM entanglement was based on mode coupling, i.e. the overlapping of the mode functions between the pump state and the signal and idler states [18] [19] [20] [21] [22] [23] . In these studies, the pump and the down-converted states are represented by LG modes, where the mode distribution is determined by the chosen radial modes [19] . These kinds of entanglement should be called mode entanglement, which both cover azimuthal entanglement and radial entanglement. The total entanglement degree between the down converted photons is determined by the quantum correlation contributed from these two parts. Nonetheless, the angular position correlation in the azimuthal region has not been discussed yet, which is the real cause of the nonuniform distribution of OAM entanglement. Angular position and OAM are conjugate variables connected by Fourier transformation [24] , and they form a EPR pair, the quantum correlation of one variable will determine that of the other [25] . The first experimental study of mode distribution of OAM entanglement through angular position correlation is carried out by two-photon interference in the azimuthal domain [26] [27] [28] . It also has been shown in experiments that the increase in the dimension of OAM entanglement will lead to a stronger angular position correlation [29] .
Besides, angular position correlation is closely related to the radial coordinate, with all of the radial modes are contained in this two-photon interference experiment, the relationship between angular position correlation and OAM entanglement can not be truly reflected.
In this paper, we give a theoretical study of OAM entanglement in azimuthal domain and show that it is an inherent feature of angular-position entangled two-photon states generated by a rotational symmetrical pump beam. We decompose the pump light into a set of cone states characterized by its transverse momentum projection. The mode distribution of the OAM entanglement is determined by the radius of the pump cone state, the length of the nonlinear crystal and the OAM carried by the pump beam. The first two factors influence the OAM entanglement by controlling the quantum angular position correlation between the down-converted two-photon states, while the latter one modulates the OAM entanglement by shifting the diagonals of the OAM correlation spectrum.
II. THEORY
We first consider an incident quasi-monochromatic plane-wave-like pump beam with a wave vector of k p propagating through an uniaxial birefringent nonlinear crystal. The twophoton generation within the scheme of collinear type-II energy-degenerate SPDC writes as [30] 
where k s,i are the wave vectors of the signal and idler states, respectively. The spectrum function Φ (k p , k s , k i ) determines the momentum correlation between the down-converted two photons. Here we omit the discussion of polarization during parametric conversion. Φ (k p , k s , k i ) arises from the phase-matching in SPDC, it has the following form [30] 
where E p is the electrical field vector of the pump beam, χ (ω p , ω s , ω i ) is the bilinear suscep- It is a common feature that for the generation of OAM entanglement the pump state needs to be rotationally symmetric [4, 19] . Schematic illustration of an OAM entanglement generation process is shown in Fig.1 (a) , the plane-wave-like pump beam is focused onto a nonlinear crystal by a focal lens, and the output of the pump state with a spherical phase on its wavefront has a cone structure for its momentum distribution. Just as momentum comes from the translation symmetry in space, OAM comes from the rotational symmetry, thus it is better to study OAM entanglement in azimuthal region. In this scenario, we decompose the pump beam into a set of cone states labeled by |p p |, the transverse wave vector projection. Then the study of OAM entanglement is carried out by fixing the radial coordinate, and is thus only focused on the azimuthal region.
We first choose a pump state k p on a pump cone |p p |. For a collinear SPDC, the conversion between the pump photon, the signal and idler photons can be divided into two directions, which are parallel and perpendicular to the wave vector of the pump, respectively. In this case, the parametric conversion mainly happens in the direction parallel to k p , while in the direction perpendicular to k p there is no parametric conversion, otherwise the energy conservation law would be violated. Thus we have
where L is the propagation length of the pump state k p within the nonlinear crystal, k p , k s and k i are the amplitudes of the longitudinal wave vector components along k p . In the paraxial approximation, these quantities write as follows [31] 
Here q s and q i are the transverse wave vectors for the signal and idler states.
By substituting equations (3, 4) into (2), we obtain the two-photon correlation in the transverse wave vector representation as
Equation (5) depicts the cone of the down-converted two photons centred at k p with a radius ∆ q defined as 2π |k p | L , as shown in the inset of Fig.1 (b) . For the pump state k p , the down conversion cone is totally determined by the thickness of the nonlinear crystal L.
The conversion from cartesian coordinates to polar coordinates is given in Fig.1 (b) . Here p p , j s and j i are respectively the wave vector projections on the cross section of the pump cone for the pump, signal and idler states, while θ p,s,i are the corresponding azimuthal angles.
In the paraxial approximation, since p p is far less than k p , the angle open by the pump cone state is so small that the cross section of the down-conversion cone is approximately parallel to the cross section of the pump cone. According to the trigonometric function calculation
can be transformed into:
which represents the radial and azimuth correlations between the down-converted two photons in the polar coordinates. To simplify the discussion, we choose |j s | = |j i | = 1 2 |p p |. Now the down-converted two-photon state in the angular position representation reads
Here |Ψ (θ p ) represents the two-photon state converted from the pump state at angle θ p .
The Fourier relationship between angular position and OAM leads to [24] 
with |θ the angular position state in the polar coordinates, and |l the OAM state. In the angular position representation, the pump cone state carrying an OAM of l p reads
Here |Φ p is the pump cone state, |θ p is the angular position state, the amplitude of the pump state distributes uniformly in the range from 0 to 2π. By substituting equation (7), (8) into (9), the quantum correlation of the down-converted two-photon state pumped by a cone state in the OAM representation is
In equation (10) , A (l s , l i ) is a two dimensional quantum OAM correlation spectra for the signal and idler states with a form of
which is a 2D Fourier transformation of φ (θ p , θ s , θ i ). From equation (10), we can see that OAM entanglement in SPDC arises from the continuous rotational symmetry of the pump state, where the entanglement spectrum A (l, l p − l) is one of the diagonals of A (l s , l i ) shifted by l P from the zero point. Thus pumped by a rotationally symmetric light beam, the twophoton OAM entanglement is totally determined by A (l s , l i ), which is a conjugate part of φ (θ p , θ s , θ i ). In the practical SPDC experiments conducted on the nonlinear crystal with a specified cut angle, and perfect phase-matching is guaranteed within a small angle range, tunable parameters are the radius of the pump cone state p p , the length of the nonlinear crystal L and the OAM of the pump state l p . In the following, we will give a detailed study of how these parameters influence the OAM entanglement. Figure 2 shows the simulation results of the evolution of the OAM correlation spectra A (l s , l i ) with different values of |p p | and L. The pump wavelength is 400 nm and the wavelengths of the signal and idler states are both equal to 800 nm. In Fig.2 (a-c) , the nonlinear crystal length L is 1 mm, and in Fig.2 (d-f) , L is 6 mm. A (l s , l i ) is a weak two-dimensional sinc-like function of l s and l i peaking at l s,i = 0. According to Fig.2, the bandwidth of A (l s , l i ) increases with |p p | and L. This phenomena can be explained by the Heisenberg uncertainty principle. In a collinear SPDC with a pump state of k p , both |q s | and |q i | are confined within a small down conversion cone (see equation (5)).
III. RESULTS AND DISCSSION
Here we choose an appropriate pump cone state in which q s(i) ≪ |p p | /2, then we'll get
By choosing θ p = 0, the angular distribution of the down-converted two-photon state is confined within a small angle range with a width of
Here ∆ (θ 2 s + θ 2 i ) can be viewed as the uncertainty in the relative angle distribution of the signal and idler states on the pump cone, and it is inversely proportional to L and the square of |p p |. As a result, the larger the pump cone radius |p p | is (the longer the crystal length L is), the more certain we can know about relative angular position distribution of the down-converted two-photon states. According to Heisenberg uncertainty principle, for two conjugate variables, an increase in the certainty of one variable will lead to a decrease of the certainty in the other. Here it is found that the uncertainty principle is also applicable to two-part system. Therefore, by increasing the relative angular position correlation of the down-converted two-photon state, we will get a larger bandwidth of A (l s , l i ). Fig.3 (a) shows the dependence of the mode probability distribution P (l, −l) of the twophoton OAM entanglement on the radius of the pump cone state |p p |, in which l ranges from -15 to 15 and P (l, −l) is equal to
Here we set l p = 0 and L = 1 mm. Now the radius of the two-photon down-conversion cone ∆ q is 2π/0.02 rad/mm, and A (l, −l) is a diagonal that crosses the zero point of A (l s , l i ). From this figure, it can be seen that for the pump cone states with radii of |p p | = 2π/0.05rad/mm and 2π/0.04rad/mm which are smaller than the radius of the down-conversion two-photon cone ∆ q , the width of two-photon angular position correlation ∆ (θ s + θ i ) is much larger than 0, and P (l, −l) is mainly concentrated near l = 0. As |p p | becomes comparable to or larger than ∆ q , the width of P (l, −l) gradually rises, thus a higher dimensional OAM-entangled two-photon state arises.
The entanglement of a two-part system can be characterized by the so-called von Neumann entropy (or entanglement entropy) for the reduced state, which quantifies the number of entangled bits within the state. The entanglement entropy depends both on the entanglement dimension and degree. Fig.3 (b) shows the relationship between the von Neumann entropy for two-photon OAM entanglement and |p p |, where the entanglement entropy is expressed as [32, 33] 
In accordance with the |p p | dependence of OAM entanglement in Fig.3 (b) , the entanglement entropy increases with |p p |. That is to say, as |p p | increases, the entanglement dimension or degree or the both will increase. In the present simulation, because we limit the OAM to the range from -15 to 15, the entanglement entropy will finally saturate to 4.95. From this figure we can see that as |p p | is larger than 2000 rad/mm, a near maximal two-photon entanglement with dimension of 31 can be obtained. It should be noted that before the steep increase of the entanglement entropy, there is a small non-rising region. This is due to the fact that for small values of |p p | which is less than q s(i) , the approximation in equation (12) and (13) will not be fulfilled. In this region, the dependence of entanglement entropy on p p is negligible and the down-converted two photons mainly occupy the l = 0 mode. Fig.4 (a) shows the dependence of the mode probability distribution P (l, −l) of the two-photon OAM entanglement on the length of the nonlinear crystal L, where |p p | is 2π/0.04(rad/mm) and l p is 0. Fig.4 (b) shows the dependence of the entanglement entropy on the crystal length for different pump cone states. From this figure we can see that the entanglement dimension and degree increase with L, the entanglement entropy gradually saturates at a rate depending on the |p p |. In contrast to the |p p | dependence of the OAM entanglement which is ascribed to the increase of the pump cone radius, the L dependence of OAM entanglement is due to the decrease in the radius of the two-photon down-conversion cone. From equation (5) it is predicted that the thicker the nonlinear crystal is, the less phase-mismatch the nonlinear parametric interaction can tolerate, thus the smaller the ra- Dependence of the entanglement entropy on l p for four different pump cone states.
dius of the down-conversion cone is. In this case, the increase of L will lead to a stronger angular position correlation ∆ (θ 2 s + θ 2 i ) (as shown in equation (13)). According to Heisenberg uncertainty principle, a wider OAM correlation bandwidth will be obtained [26, 27] . Similar to Fig.3 (b) , there is also a non-rising region for the entanglement entropy in Fig.4 . The width of this non-rising region increases with the decrease of |p p |. In this region, the radius of the two-photon down-conversion cone is larger than or comparable to the radius of the pump cone, then equation (13) will not be satisfied, the entanglement entropy is zero and the two-photon state mainly occupies the l = 0 mode. Furthermore, both from Fig.(3,4) and equation (13) , the increasing rate for the two-photon OAM entanglement with L is slower than with |p p |.
Finally, we study the dependence of the OAM entanglement of on l p , the OAM of the pump state. As shown in equation (10) , the introduction of l p can be viewed as a displacement operation that shifts the two-photon OAM entanglement from A (l, −l) to A (l, l p − l), the diagonals of A (l s , l i ). The dependence of the mode probability distribution P (l, l p − l) of two-photon OAM entanglement is shown in Fig.5 (a) , where L and |p p | are respectively of 1 mm and 0.04 rad/mm. The mode probability distribution P (l, l p − l) centers at l p /2, and the two-photon OAM entanglement varies with l p . The corresponding dependence of the entanglement entropy on l p for different pump cone states is shown in Fig.5 (b) . The entanglement entropy shows no explicit dependence on l p . Compared with the L dependence and |p p | dependence of the OAM entanglement, the change of l p does not change the angular position correlation for the down-converted two photons, thus the change of l p is a less efficient way to enhance the OAM entanglement.
In the derivation of OAM entanglement in this paper, we have shown that two-photon angular position correlation and OAM correlation are tied closely. They form a EPR pair [16] just like position and momentum [34] . The OAM entanglement can be viewed as unitary transformation operated on the two-photon angular position correlation, which is always used to quantify entanglement [35] . The Heisenberg uncertainty principle can also be applied to correlated systems, that an increase of the correlation in one space will lead to a decrease in its conjugate space. But in present case, the pump state only carries a single OAM, thus the increase in angular position correlation will cause a increase in the OAM entanglement dimension and degree. For actual experiments in which an incident plane-wave like pump light with rotational symmetry is focused onto a nonlinear crystal, the angular position correlation can be strengthened by choosing a lens of shorter focal length and a thicker nonlinear crystal. In addition, to reduce the influence of the pump cone state near the central propagation axis, a ring-like pump beam may favor the generation of high-dimensional OAM entanglement.
IV. CONCLUSION
In conclusion, we have given a variant theoretical interpretation of the down-converted two-photon OAM entanglement within the azimuthal region and pointed out several approaches to enhance entanglement dimension and degree. The pump state is decomposed into a set of pump cone states characterized by its radius. By fixing the transverse momentum projections of the signal and idler states, we discuss the two-photon correlation in azimuthal region. The entanglement dimension and degree, characterized by the entanglement entropy, show a strong dependence on the radius of the pump cone state and the length of the nonlinear crystal. Such phenomena can be explained by the Heisenberg uncertainty principle between angular position correlation and OAM correlation. In contrast, varying the OAM of the pump state just ends up with shifting the entanglement spectrum, which turns out to be a less efficient way to increase the OAM entanglement.
